Abstract: Let f be a holomorphic curve in P n (C) and let D = {D 1 , . . . , D q } be a family of moving hypersurfaces defined by a set of homogeneous polynomials Q = {Q 1 , .
Theorem A. (Nevanlinna's second main theorem) Let f be a nonconstant meromorphic function on C. Then, for any distinct points a 1 , . . . , a q ∈ C ∪ {∞} and any ε > 0, q j=1 m f (r, a j ) ≤ (2 + ε)T f (r),
where " " means that the inequality holds for all r outside a set with finite Lebesgue measure.
At the same time, Nevanlinna conjectured that Theorem A should remain valid if the fixed points a j were replaced by slowly growth meromorphic functions a j (z), which is the so-called moving targets problem. Osgood [9] proved this conjecture and Steinmetz [16] gave another simple and elegant proof.
Theorem B. (Nevanlinna's conjecture) Let f be a nonconstant meromorphic function on C, and let a j (z), 1 ≤ j ≤ q, be the slowly growth meromorphic functions with respect to f (i.e., T a j (r) = o(T f (r))). Then, for any ε > 0, q j=1 m f (r, a j ) ≤ (2 + ε)T f (r).
During the last few decades, there were several generalizations of Theorem B for higher dimensional case. To state them, we recall some notations and definitions in Nevanlinna theory.
Let f : C → P n (C) be a holomorphic map, the characteristic function of f is defined by
where f = (f 0 , . . . , f n ) is a reduced representation of f (i.e., f 0 , . . . , f n have no common zeros) and f (z) = max{|f 0 (z)|, . . . , |f n (z)|}. Especially, for a meromorphic function f on C, we can choose two holomorphic functions f 0 , f 1 on C without common zeros such that f = [f 0 : f 1 ] : C → P 1 (C), and then define the characteristic function of f .
We note that a divisor on P n (C) is a hypersurface defined by some homogeneous polynomial. Now, we introduce the so-called moving targets on P n (C). The proximity function of f with respect to the moving hypersurface D is defined as
where 
. . , D q } be a family of moving hypersurfaces in P n (C). We say that
are in m-subgeneral position (as fixed hypersurfaces). i.e., any m + 1 of D 1 (z), . . . , D q (z) do not meet at one point. Actually, if this condition is satisfied for one z ∈ C, it is also satisfied for all z except for a discrete set. We say that D 1 , . . . , D q are in general position if they are in n-subgeneral position.
Let Q = {Q 1 , . . . , Q q } be the family of homogeneous polynomials with deg
We denote by K Q the smallest subfield of meromorphic function field M which contains C and all a j,Is a j,I t with a j,It ≡ 0, j = 1, . . . , q, I s , I t ∈ I d j . We say that f is linearly
. . , f n ) ≡ 0, and f is algebraically nondegenerate over K Q if there is no nonzero
As a generalization of Theorem A, H. Cartan [1] proved a second main theorem for linearly nondegenerate (over C) holomorphic curves intersecting (fixed) hyperplanes in P n (C), and posed a conjecture for nonconstant holomorphic curves which was solved by Nochka (see [8] ). For the moving targets case, Ru and Stoll [12] generalized Theorem B to holomorphic curves intersecting moving hyperplanes in P n (C).
Theorem C. Let f : C → P n (C) be a nonconstant holomorphic curve, and let D = {D 1 , . . . , D q } be a collection of slowly moving hyperplanes with respect to f .
(i) (Cartan-Nochka type theorem) Assume that f is linearly nondegenerate over K Q and
(ii) (Cartan's conjecture for moving hyperplanes) Assume that
In 1992, Eremenko and Sodin [5] gave a generalization of (ii) of Theorem C for moving hypersurfaces under a stronger assumption T D j (r) = o( T f (r) log τ T f (r) ) with τ > 1 (see Theorem 3 in [5] ). Recently, Si [14] obtained the following second main theorem for slowly moving hypersurfaces in subgeneral position.
Theorem D. Let f : C → P n (C) be a nonconstant holomorphic curve, and let D = {D 1 , . . . , D q } be a collection of slowly moving hypersurfaces in m-subgeneral position with 
Note that the condition "f is algebraically nondegenerate over K Q " in Theorems D and E is difficult to check. The purpose of this paper is to give a second main theorem as a generalization of Cartan's conjecture for moving hypersurfaces, in which we only assume that f is nonconstant and the moving hypersurfaces are in subgeneral position.
Main Theorem. Let f be a nonconstant holomorphic curve in P n (C) (n > 1). Let D = {D 1 , . . . , D q } be a family of slowly (with respect to f ) moving hypersurfaces in m-subgeneral position, and let Q = {Q 1 , . . . , Q q } be the set of the defining homogeneous polynomials of
2 Proof of the Main Theorem
if necessary, where d is the l.c.m of d j 's, we can assume that
For each j, there exists a j,I j (z), one of the coefficients in Q j (z), such that a j,I j (z) ≡ 0. We fix this a j,I j , then set a j,I (z) = a j,I (z) a j,I j (z) and
. By definition, we have
Denote by C Q the set of all non-negative functions h : C → [0, +∞] ⊂ R, which are of the form
where s, t ∈ N, g 1 , . . . , g t ∈ K Q \ {0}. It is easy to see that the sums, products and quotients of functions in C Q are again in C Q . Obviously, for any h ∈ C Q , we have
Since D are in m-subgeneral position, we have the following lemma.
Proof of Lemma 2.1. The second inequality is elementary. Note that
So we have max k∈{1,...,m+1}
For the proof of the first inequality, one can refer to P.10 of [14] . Here, we introduce another proof given in [2] . To do so, we need some results on inertia form in [17] .
be the ideal in the ring of polynomial in x 0 , . . . , x n with coefficients in
is called an inertia form of the polynomials Q j 1 , . . . , Q j m+1 if it has the property:
for i = 0, . . . , n and for some non-negative integer s. It follows from the definition that the inertia forms of Q j 1 , . . . , Q j m+1 form an ideal in C[t]. There exists an inertia form R with R(. . . , t 0 j,I , . . .) = 0 if and only if Q j k (. . . , t 0 j k ,I , . . . , x 0 , . . . , x n ), k = 1, . . . , m + 1, have no common non-trivial solutions in x 0 , . . . , x n (for special values t 0 j k ,I ).
phic at z 0 and the system of equations
have no common non-trivial solutions. Set t 0 j k ,I = a j k ,I (z 0 ) and the inertia form R with
where
with γ ik,I ∈ K Q . Now, we continue the proof of the first inequality.
By (3) and (4), we have
i.e.,
Take i such that f = |f i | and set
, we obtain
Lemma 2.1 is thus proved.
For each given z ∈ C (excluding all zeros and poles of Q j (f )), there exists a renumbering {1(z), . . . , q(z)} of the indices {1, . . . , q} such that
By Lemma 2.1, we have max j∈{1,...,m+1}
If f is algebraically nondegenerate over K Q , then (1) follows directly from Theorem D.
If f is algebraically degenerate over K Q , there is a nonzero homogeneous polynomial P ∈
generated by all homogeneous polynomials P ∈ K Q [x 0 , . . . , x n ] such that P (f 0 , . . . , f n ) ≡ 0. Obviously, for all P ∈ I K Q , we have
Noetherian ring, I K Q is finitely generated. Assume that I K Q is generated by homogeneous polynomials P 1 , . . . , P s . Consider the variety V constructed by P 1 , . . . , P s . Let deg V = ∆ and dim
Note that f has the following property: there is no homogeneous polynomial
For a positive integer N , let K Q [x 0 , . . . , x n ] N be the vector space of homogeneous polynomials of degree N , and let
We have the following basic fact from the theory of Hilbert polynomials (e.g. see [15] ):
Let a be an arbitrary point in C such that all coefficients of P 1 , . . . , P s are holomorphic at a, denote by I(V (a)) the homogeneous ideal in C[x 0 , . . . , x n ] generated by P 1 (a), . . . , P s (a), let V (a) be the variety in P n (C) defined by I(V (a)), then we have Lemma 2.3. dim V (a) = ℓ for all a ∈ C excluding a discrete subset.
Proof of Lemma 2.3. Let a be an arbitrary point in C such that all coefficients of P 1 , . . . , P s are holomorphic at a (this is true for all points in C excluding a discrete subset).
Denote by I(V (a)) N := I(V (a)) ∩ C[x 0 , . . . , x n ] N , and define
N with all coefficients holomorphic at a}.
On the one hand, for all P ∈ I(V (a)) N , i.e., P = s j=1 R j P j (a) with R j ∈ C[x 0 , . . . , x n ], let P = s j=1 R j P j ∈ I K Q (V ) N , then the coefficients of P are holomorphic at a and P (a) = P ,
On the other hand, assume that {h k } K k=1 is a basis of
, since the coefficients of R jk are holomorphic at all points of C excluding a discrete subset, thus {h k (a)} K k=1 ⊂ I(V (a)) N for all points a ∈ C excluding a discrete set. By Lemma 2.2 in [2] , {h k (a)} K k=1 is a basis of I K Q (V ) N (a) for all a ∈ C excluding a discrete subset. From the above inclusion relation "I(V (a)) N ⊂ I K Q (V ) N (a)", we know that {h k (a)} K k=1 is a basis of I(V (a)) N for all a ∈ C excluding a (larger) discrete subset, which completes the proof of the claim.
Combining the claim and Lemma 2.2 in [2], we have
for all a ∈ C excluding a discrete subset. For such an a ∈ C, by (6) and Lemma 2.2,
By the theory of Hilbert polynomials, we know that dim V (a) = ℓ, which completes the proof.
Consider an arbitrary subset of { Q 1 , . . . , Q q } of m+1 polynomials, e.g., { Q 1 , . . . , Q m+1 }, then Q 1 , . . . , Q m+1 are in m-subgeneral position on P n (C).
Lemma 2.4. For each point a ∈ C satisfying the following conditions (i) the coefficients of P 1 , . . . , P s , Q 1 , . . . , Q m+1 are holomorphic at a,
(ii) Q 1 (a), . . . , Q m+1 (a) have no non-trivial common zeros,
(We note that (i)-(iii) are satisfied for all a ∈ C excluding a discrete subset. Hence the proof of Lemma 2.4 is similar to that of Lemma 3.1 in [13] .)
c tj Q j , t = 2, . . . , ℓ + 1, which are homogeneous polynomials
have no non-trivial common zeros for all a ∈ C excluding a discrete set.
Since there are only finitely many choice of m + 1 polynomials from { Q 1 , . . . , Q q }, the total number of such P j 's is finite, so there exists a constant C > 0, for t = 2, . . . , ℓ and all z ∈ C (excluding all zeros and poles of Q j (f )), we can construct P 1(z) , . . . , P (ℓ+1)(z) from
Combing with (5), we have
, and let
Since f satisfies P (f ) ≡ 0 for all homogeneous polynomials
is linearly nondegenerate over K Q . We have
For every positive integer N with d|N , we use the following filtration of the vector space V N with respect to P 1(z) , . . . , P ℓ(z) . This filtration is a generalization of Corvaja-Zannier's filtration (in [3, 11] ), which is given in [2] .
Arrange, by the lexicographic order, the ℓ-tuples i = (i 1 , . . . , i ℓ ) of non-negative integers and set i = j i j .
Definition 2.1. (i) For each i ∈ Z ℓ ≥0 and non-negative integer N with N ≥ d i , denote
(ii) Denote by I i the homogeneous ideal in K Q [x 0 , . . . , x n ] generated by N ≥d i I i N .
Remark 2.1. From this definition, we have the following properties.
. Hence
Lemma 2.5. {I i |i ∈ Z ℓ ≥0 } is a finite set.
Proof of Lemma 2.5. Suppose that ♯{I i |i ∈ Z ℓ ≥0 } = ∞. We can construct a sequence {i j } ∞ j=1 such that i j+1 − i j ∈ Z ℓ ≥0 and {I i j } ∞ j=1 consisting of pairwise different ideals. By (iv) of Remark 2.1,
which contradicts the fact that K Q [x 0 , . . . , x n ] is a Noetherian ring.
Denote by 
Proof of Lemma 2.6. (i) According to Lemma 2.4 and (7), P 1(z) (a), . . . , P ℓ(z) (a) are in general position in V (a) for all a ∈ C excluding a discrete subset. Thus, by the theory of Hilbert functions, there exists an integer N 1 > 0 such that
For each i ∈ Z ℓ ≥0 , by (iii) of Remark 2.1.,
Similar to the proof of Lemma 2.3, for all a ∈ C excluding a discrete subset,
Thus, we can find a point a ∈ C such that
By (i) of Remark 2.1,
Hence, there is an integer N i 2 (> N 1 ) such that ∆ i N is also a constant for all N satisfying N −d i > N i 2 . Set ∆ i to be this constant. We note that N i 2 depends on I i and {I i |i ∈ Z ℓ ≥0 } is a finite set by Lemma 2.5.
(ii) By (11), we have
. Hence, taking
we get (ii) of Lemma 2.6.
Now, for an integer N big enough, divisible by d, we construct the following filtration of V N with respect to { P 1(z) , . . . , P ℓ(z) }.
Denote by τ N the set of i ∈ Z ℓ ≥0 with N − d i ≥ 0, arranged by the lexicographic order.
Define the spaces W i = W N,i by
Lemma 2.7. Suppose that i ′ follows i in the lexicographic order, then
Proof of Lemma 2.7. Define a vector space homomorphism
Let ker ϕ be the kernel of ϕ. Suppose γ ∈ ker ϕ. This means
i.e., γ ∈ ker ϕ. Hence, ker ϕ = I i N , which concludes the proof of Lemma 2.7.
Combining with (10), we have dim
We have the following properties.
Proof of Lemma 2.8.
On the other hand, ∆ i ≤ ∆ i 0 (note that i − i 0 ∈ Z ℓ ≥0 and Remark 2.2). By the minimality of ∆ i 0 , we obtain (i).
(ii) Clearly,
(iii) By (ii) of Lemma 2.6, ∆ i N is bounded for all i and N . Hence, combining (i), (ii) and Lemma 2.2,
We choose a basis
} of V N with respect to the above filtration. Let
[ψ] be an element of the basis, which lies in W * i /W * i ′ , we may write ψ = P
(The proof of (12) is similar to (3.6) in [11] ). Hence
The basis [
Since there are only finitely many choices of { Q 1(z) , . . . , Q (m+1)(z) }, the collection of all possible linear forms L k (1 ≤ k ≤ M ) is a finite set, and denote it by L = {L µ } Λ µ=1 , Λ < ∞. It is easy to see that K L ⊂ K Q .
By (8) and (13), take integration on the sphere of radius r, we have
where the set K ranges over all subset of {1, . . . , Λ} such that the linear forms {L j } j∈K are linearly independent. By Theorem A4.2.1 in [10] , we have, for any ε > 0, We remark that Theorem 2.1 is a generalization of Theorem 1.1 in [13] for moving targets.
